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A proof of Bell's theorem without inequalities for two maximally entangled particles is proposed 
using the technique of quantum teleportation. It follows Hardy's arguments for a non-maximally 
entangled state with the help of two auxiliary particles without correlation. The present proof can 
be tested by measurements with 100% probability. 
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Bell's theorem claims that quantum mechanics cannot 
be reproduced with the hidden variable local model [Q. 
Recently, Bell's theorem appeared in forms without 
inequalities^ ||, f|, ||, exhibiting greater contradic- 
tion between the local model and quantum mechanics. 
Greenberger et al (GHZ) proposed a proof for three 
entangled particles, thus three observers are needed^). 
Hardy proposed a proof for two non-maximally entan- 
gled particles |3j. Cabello proposed a GHZ- like and 
more delicate proof for two pairs of maximally entan- 
gled particles H 0]. It seems that non- locality exists only 
in a maximally entangled state of three or more particles 
or in a non-maximally entangled state of two particles. 
The paradox of Einstein, Podolsky, and Rosen (EPR), 
however, argues the non-locality of two maximally entan- 
gled particles Q. The question is whether it is possible 
to demonstrate Bell's theorem without using inequalities 
by two maximally entangled particles. 

In this paper I propose a proof of Bell's theorem with- 
out using inequalities for two maximally entangled par- 
ticles, using the technique of quantum teleportation. It 
follows Hardy's arguments for the contradiction between 
the hidden variable local model and the non-locality of 
quantum mechanics. 

Consider two spin- 1/2 particles, 1 and 2, in a maxi- 
mally entangled state, i.e., a spin singlet: 



|*> ia = _(|+) 1 |-) a -|-) 1 |+) a ) (1) 

where "+" and "-" denote, respectively, spin up and 
down. These two particles are transmitted in opposite 
directions to two observers, Alice and Bob, with a space- 
like separation. Both Alice and Bob have prepared an 
auxiliary particle, A and B, respectively, with the follow- 
ing spin states 



1^4} = 



\B) = (\- 



(2) 



which are the eigenstates of a z and a x , respectively. 
These two auxiliary particles are not correlating with 
each other and never transmitted between the two ob- 
servers, thus are considered as part of the apparatus. The 
total spin state of this four-particle system is given by 



\*) = \A)\*)u\B) 



(3) 



In order to use the technique of quantum teleportation 
this state is expanded in the Bell basis of Alice's particles 
A and 1 as follows: 
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where the Bell states are given by 



1 



1 } = ^\+)\-) ± \-)\+» 
1^) = ^(|+>|+>±|-)|-» 
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(5) 
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can also be expanded in the Bell basis of Bob's par- 
ticles 2 and B as follows: 
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According to the principle of quantum teleportation, 
if Alice measures one of the Bell states of her two parti- 
cles, A and 1, particle 2 will collapse to the corresponding 
quantum state, see (Q). For example, if Alice measures 
the Bell state, | , F~) J 4i, particle 2 collapses to state |+). 
In the same way, if Bob measures the state, \^~~}2B, par- 
ticle 1 collapses to state (|+) + \—))/\/2, see (0). It is 
seen that the state of particle A of Alice is copied into 



2 



the state of particle 2 of Bob without transmitting any 
physical information between Alice and Bob0, |8|. The 
above two measurements correspond to the following two 
projecting operators: 



Di = |*-)ai<*" 
D 2 = |*-)2B<*" 



(8) 



Including another two operators U\ and U2, 

Ui = \+)i(+\ , U2 = \+h(+\ (9) 

one has four physical observable quantities, 
L>i, L>2, Ui, Ui- They take values or 1 corresponding 
to their eigenvalues, denoted as D\,D2,U\,U2- 

Now if Alice measures Ui on particle 1, and Bob mea- 
sures U2 on particle 2, they have 



UxU 2 = 0. 



(10) 



This is because, since particles 1 and 2 are in a maximally 
entangled state, (Q), their spins are always opposite to 
each other. 

From (Q), if Alice measures D\ on her particles A and 
1, and Bob measures U 2 on his particle 2, they have 

if £>i = 1 then U 2 = 1 (11) 

From (0), if Bob measures D2 on his particles 2 and B, 
and Alice measures U\ on his particle 1, they have 

if D 2 = 1 then C/j = 1 (12) 

The most important fact here is [Di,D 2 ] = 0, indi- 
cating that Di and D2 can be measured simultaneously. 
This allows Alice and Bob to make a joint measurement 
for these two observable quantities on the system. The 
probability of the system with D\ = D2 — 1 is given by 



p = (mD 1 D 2 m 



1 

Tg 



for D x = D 2 = 1 (13) 



Now Hardy's arguments can be applied to deduce a 
contradiction between the non-locality of the entangled 
state, 1^), and the hidden variable local model||. The 
latter claims that Alice's choice of measurement cannot 
influence the outcome of any measurement of Bob, since 
there is a space-like space-time separation between Alice 
and Bob. For example, for a run that Alice and Bob 
obtain D\ = U 2 = 1, if Alice had measured something 
else, say U\ for particle 1, instead of Di, he would not 
affect the outcome of Bob's measurement U2 = 1, vice 
versa. In another word, due to ([TT]) , if Alice obtained 
D\ = 1, she can predict without any uncertainty the 
outcome of Bob's measurement, U2 = 1. According to 
EPR's argument, U2 = 1 is a physical reality element of 
particle 2. 

Consider a run of a joint measurement that Alice and 
Bob found D\ = D 2 = 1. This run does exist since the 



probability exists, see ([l3]). In the hidden variable local 
model, we have the following deductions: 

Deduction 1: From the fact that we have D± = 1 it 
follows from (|ll|) that if U2 had been measured we would 
obtain U 2 = 1- In another word, U 2 = 1 is a physical 
reality element of particle 2. 

Deduction 2: Since Alice's choice of measurement docs 
not affect the outcome of Bob's measurement, even if Ui 
had been measured on particle 1 instead of D\ we would 
still have U 2 = 1. 

Deduction 3: By a similar argument we can deduce 
from the fact D2 = 1 and ( |l2"| ) that Ui = 1. In another 
word, U\ = 1 is a physical reality element of particle 1. 

Deduction 4- Thus, for this run, we have U1U2 = 1. 
Hence, if we had measured Ui and U2 instead of Di and 
Z?2, we would have obtained U1U2 — 1, which, however, 
contradicts (|l0|). 

It is seen that from the hidden variable local model 
we arrive at a contradiction and therefore, an entangled 
state of quantum mechanics must be nonlocal. Physical 
reality element does not exist. 

To demonstrate this proof experimentally, one needs 
first to verify (|l(], ll|l^), and then measure Di and L>2- 



If Di = D 2 = 1 is observed then non-locality of quantum 
mechanics is verified. 

In the above formalism, only one pair of Bell states, 

1. e., |^I'~) J 4i and \ 1 $'~}2B, are considered. In fact, 
operators D\ and D2 can be made up of each pair of 
Bell states, such as 

b x - |*-) A1 (*-| and D 2 = |*+> 2B (*+|, 

Di = and D 2 - |*-) 2B <*-|, 

Totally, one has 4 x 4 = 16 different pairs of D\ and 
D 2 - This is obviously true because the four Bell states 
compose a complete basis. For each pair of operators D\ 
and T>2 one defines corresponding operators XJ\ and L^- 
Using each group of operators £>i, _D 2 , Ui, U2 one can 
deduce the above nonlocal property of entangled states. 
Therefore, from (|l3|), the total probability to test the Bell 
theorem is 16 x 1/16 = 100%. 

In summary, Bell's theorem without inequalities is 
proved for a maximally entangled state based on the tech- 
nique of quantum teleportation. Auxiliary particles A 
and B have not been transmitted between Alice and Bob 
and are not correlating to each other, thus are taken as 
part of the apparatus. The non-locality proved here be- 
longs to the maximally entangled state of particles 1 and 

2. This proof can be tested by measurements with 100% 
probability. 
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